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Abstract 

We study pairs of structures, such as the Poisson-Nijenhuis structures, on the 
tangent bundle of a manifold or, more generally, on a Lie algebroid or a Courant 
algebroid. These composite structures are defined by two of the following, a 
closed 2-form, a Poisson bivector or a Nijenhuis tensor, with suitable compati- 
bility assumptions. We establish the relationships between PN-, PQ- and VIN- 
structures. We then show that the non-degenerate Monge- Ampere structures on 
2-dimensional manifolds satisfying an integrability condition provide numerous 
examples of such structures, while in the case of 3-dimensional manifolds, such 
Monge- Ampere operators give rise to generalized complex structures or general- 
ized product structures on the cotangent bundle of the manifold. 
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For our friend Joseph Krasil'shchik on the occasion of his sixtieth birthday 

Introduction 

On the tangent bundle of a manifold or, more generally, on a Lie algebroid, we con- 
sider pairs of structures, such as the Poisson-Nijenhuis structures which give rise to 
hierarchies of Poisson structures (also called Hamiltonian structures) that play a very 
important role in the theory of completely integrable systems. These structures are 
defined by closed 2-forms, Poisson bivectors or (1, l)-tensors with vanishing Nijen- 
huis torsion. When suitable compatibility assumptions are introduced, one obtains 
composite structures called complementary 2-forms, PN-, Pfl- and fiA^-structures. 
Krasil'shchik contributed to the study of the algebraic nature of Hamiltonian and 
bi-Hamiltonian structures and was the first to underline the cohomological nature of 
their compatibility condition (see [53] and references therein). While the first part 
of this article is a comprehensive survey of the relationships between such composite 
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structures and the related notion of Hitchin pairs, the second part provides numerous 
examples arising from the theory of Monge- Ampere equations. 

Our formulations and proofs make essential use of the big bracket, the even graded 
bracket on the space of functions on the cotangent bundle of a Lie algebroid consid- 
ered as a supermanifold. What we call the big bracket was first introduced by Kostant 
and Sternberg [23] ; its use in the theory of Lie bialgebras is due to Lecomte and Roger 
[26] and was developed by one of us [15]. Roytenberg extended it to Lie algebroids 
[55] and Courant algebroids [31]. Recently, it has been used by Antunes [T] in the 
study of composite structures arising in the theory of sigma-models. In practice, all 
proofs are reduced to a straightforward use of the graded Jacobi identity, sometimes 
repeatedly. While many of our results can be found in the literature (see [5], which 
contains the references to earlier work by Magri, Gelfand and Dorfman, Fokas and 
Fuchssteiner, see [31] [32] [21], and the more recent articles [37] [38] [10] [1]), we claim 
that our method unifies results, generalizing the known properties from the case of 
manifolds to that of Lie algebroids and Courant algebroids. Our main argument is 
that the big bracket formalism can be applied to problems in the geometric theory of 
partial differential equations developed in (52] [30] [IS] and [2] [3] . We also stress that 
this theory can be considered in the general framework of Lie algebroids, and we wish 
to introduce a general abstract theory of Monge- Ampere structures on arbitrary Lie 
algebroids. In particular, the symplectic Monge- Ampere equations defined by n-forms 
on the cotangent bundle of a smooth, n-dimensional manifold M and, more generally, 
the Jacobi first-order systems, defined by a set of 2-forms on an m -I- 2-dimensional 
manifold M, can be viewed as "deformations" of the standard Lie algebroid structure 
on the tangent bundle T{T*M) of T*M. We shall indicate some links between our 
approach and the approach to the geometric structures developed by Hitchin [14] and 
Gualtieri [12j in their studies of generalized complex and Kahler structures, a new and 
fast developing field of differential geometry. 

In Section [1] we introduce the big bracket, we recall the definition of Lie algebroids 
and give the explicit expression for the Dorfman bracket on the double of a Lie bial- 
gebroid which is a derived bracket [TB] [T5] of the big bracket. The Courant algebroid 
structure of the double of a Lie bialgebroid is defined by the skew-symmetrized ver- 
sion of the Dorfman bracket, called the Courant bracket. Section [5] deals with general 
facts and formulas involving bivectors, forms and (1, l)-tensors that will be used in 
subsequent sections, and with Grabowski's formula (|2.9p that expresses the Nijenhuis 
torsion of a (1, l)-tensor in terms of the big bracket ^lOj. In Section [S] we show that 
the adjoint actions of a non-degenerate 2-form and of its inverse bivector induce a rep- 
resentation of sl2 on J-', we define the primitive elements and describe a Hodge-Lepage 
type decomposition of the elements in 

Section[4]is a study of the complementary 2-forms introduced by Vaisman |37| [38] . 
We prove that, given a Lie algebroid A, "w is a complementary 2-form for the Poisson 
bivector tt" is a sufficient condition for the bracket obtained by first dualizing the Lie 
algebroid structure of yl by tt and dualizing again by a; to be a Lie algebroid bracket 
on A, whose expression we easily derive. A remark concerning the corresponding 
modular class (Section [4]4]) will be used in Section [13.31 Sections [5] to [TOl contain the 
detailed analysis of the structures introduced by Magri and Morosi [31] [32] defined 
by a Poisson bivector and a Nijenhuis tensor, called PA^-structures (Section [5]), by 
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compatible Poisson tensors (Section [H]), by a closed 2-form and a Poisson bivector, 
called Pri-structures (Section [T]) and by a closed 2-form and a Nijenhuis tensor, called 
J7 A^-structures (Section [5]) and Hitchin pairs introduced by Crainic (Section [5]) . A 
table and a diagram summarize the relationships between these various structures. 

Section[TT]deals with Nijenhuis tensors on Courant algebroid. We state Grabowski's 
theorem |10) that characterizes generalized complex structures by a simple equation in 
terms of the big bracket. 

In Sections [T^lfHl we describe the geometry of the symplectic Monge- Ampere equa- 
tions and relate it to the structures discussed in the previous sections, using the for- 
malism of the big bracket. Some of these results are reformulations of results in 
and [2] [5] • Section [T^ introduces Monge- Ampere structures on manifolds and the 
associated Monge- Ampere operators and equations. We recall the definition of the 
effective forms and the one-to-one correspondence between Monge- Ampere operators 
and effective forms. Section [13] is devoted to the case of Monge- Ampere structures 
on 2-dimensional manifolds, with an emphasis on the non-degenerate case, when the 
Pfaffian of the defining 2-form is nowhere vanishing. We show that in the integrable 
case, i.e., when the Monge- Ampere operator is equivalent to an operator with constant 
coefficients, the Monge- Ampere structure gives rise to PN- and JlTV-structures and to 
a deformed Lie algebroid structure on T{T*M) which is unimodular. More generally, 
a non-degenerate Monge-Ampere structure of divergence type defines a generalized 
almost complex structure on T*M . If the defining 2-form is closed, this structure is 
integrable and corresponds to a Hitchin pair. The von Karman equation is an ex- 
ample where the integrability condition is not satisfied and the associated composite 
structures do not satisfy the compatibility condition. We then consider the first-order 
Jacobi differential systems which generalize the Monge-Ampere equations, and we de- 
scribe the associated geometric structures on 2-dimensional manifolds. In Section [14] 
we proceed to study Monge-Ampere operators on 3-dimensional manifolds, recall the 
classification of the non-degenerate Monge-Ampere operators, and we prove that when 
the operator is non-degenerate, i.e., when the Hitchin Pfaffian is nowhere- vanishing, 
and has constant coefficients, there is either an associated generalized complex struc- 
ture or generalized product structure on T*M . We conclude with a short discussion 
of two definitions of the generalized Calabi-Yau manifolds. 

1 The big bracket 

When A M is a vector bundle, let T*[2]v4[l] denote the cotangent bundle of the 
graded manifold ^[1] obtained from A by assigning degree to the coordinates on 
the base and degree 1 to the coordinates on the fibers. The space of smooth 
functions on T*[2]A[1] is a bigraded Poisson algebra [33] [20]. (See [15] for the case 
where M is a point and therefore A is a vector space.) If (a;*,^"), z = 1, . . . ,dimM 
and a = 1, . . . , rank^l, are coordinates on A[\\, then coordinates on r*[2]A[l] are 
{x'^,£,°',Pi,6a), with bidegrees (0,0), (0, 1), (1, 1), (1,0), respectively. If an element u of 
^ is of bidegree {p + l,q + 1), we call |u| — p + q + 2 its (total) degree and we call 
{p, q) its shifted bidegree, p > —1, q > —1. The space J-^''' of elements of J- of shifted 
bidegree (p, q) contains the space of sections of A^^^A (g) A^+^A*. 
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As the cotangent bundle of a graded manifold, T*[2]A[1] is canonically equipped 
with an even Poisson structure. We denote the even Poisson bracket on by { , }, 
and we call it the big bracket. The big bracket satisfies {x^,pj} = 6j and {^°, 6b} = S^, 

so that {f,p^} = djf, where / e C°°{M) and d^J = This bracket is of 

bidegree (—1,-1) and of shifted bidegree (0,0). It is skew-symmetric, {u,v} = 
— (— 1)1"! '^I{i>,u}, for all u and v G !F, and it satisfies the Jacobi identity, 

{u, {v, w}} - {K 4, w} + (-1)1"! \^\{v, {u, w}} , 
for all u, V and w G T . We often use the Jacobi identity in the form, 

{{u, v], w] = {u, {v, w}} + (-l)!"! \^\{{u, w], v] . 
The big bracket satisfies the Leibniz rule, 

{u,vA'w} = {u,t;}Aw + (-l)'"ll''luA{M,u;} , 

or 

{u A V, w} = u A {?;, w] + (-1)'''' '""'{u, w} Av . 

The space of sections of a vector bundle E is denoted by TE. We call a section of 
/\'E (resp., A*E*) a multivector (resp., a form) on E. Accordingly, we use the terms 
vector, bivector, fc-form, {p, (j')-tensor, etc. All manifolds and maps are assumed to be 
smooth. 

1.1 Lie algebroids 

A Lie algebroid structure on ^4 — > M is an element /U of ^ of shifted bidegree (0, 1) 
such that 

= . 

The Schouten bracket of multivectors, i.e., sections of A' A, X and Y, is 

[X,Yl = {{X,^i},Y} . 

In particular, this formula defines the Lie bracket of X and Y G TA as well as the 
anchor oi A, p : A ^ TM, by 

p{X)f = {{X,^i},f} , 

for X G FA and / G C°°(M). 

The Lie algebroid differential acting on sections of A* A* is denoted by d^, thus 

df^ = {m,-} ■ 

The Lie derivative of forms by X G TA is defined to be the graded commutator, 
J^x = [ix,d^]. 

A Lie bialgebroid is defined by /i G J-^'^ and 7 G !F^''^ such that {/i + 7,/i + 7} = 0. 
More generally, a proto-bialgebroid is defined by S = + p + j + where ^ G T{A^A*) 
and (j) G T{A^A), such that {S,S} = 0. Lie quasi-bialgebroids correspond to V = 0, 
while quasi-Lie bialgebroids correspond to </> = 0. 
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1.2 The Dorfman bracket 

If {A, 7) is a Lie bialgebroid, its double is the vector bundle, A® A* , equipped with 
the Dorfman bracket defined by 

[u,v]d = {{u,fi + '^},v} , (1.1) 

for u and v € r{A (B A*). The skew-symmetrized Dorfman bracket is called the 
Courant bracket and A® A* with the Dorfman bracket is a Courant algehroid. Since 
the Dorfman bracket (see [5] [THj [TD]) is a derived bracket, it is a Loday-Leibniz 
bracket and therefore satisfies the (graded) Jacobi identity in the sense that, for each 
u G T{A(BA*), [u, ■]d is a derivation of the bracket [ , ]d (see [16] [E]). More generally, 
Formula (|1.1|) defines a Loday-Gerstenhaber bracket on T{A*A ^ A* A*). 
Explicitly, for X e TA and a & T{A*), 

[X, a]D = {{X, a} + {{X, 7}, a} = {X, {^i, a}} + {/i, {X, a}} ~ {{7, X}, a} 
= ix{.d^a) + d^{ixa) - iaidjX) = C^a - ia{d^X) , 

while 

[a, X]d = {{a, m}, X} + {{a, 7}, X} - -{{/i, a}, X} + {«, {7, X}} + {7, {a, X}} 

= -ixid^^a) + «Q(d-yX) + dj{iaX) = £2-'^ - ix{df,a) . 
Therefore, for X and y e TA, a and /? e T{A*), 

[X + a,Y + l3]D = [X,Y]^ + CIY -ifi{d-,X) + [a,l3]^+C^'xl3~iY{d,,a) . (1.2) 

In the case of the standard Courant algebroid, TM T*M, by assumption, 7 = 
and df, is the de Rham differential, d. Thus, for X e r(rAf) and a S T{T*M), 

[X, a]D = {{X,^}, a} = {X, {^, a}} + {fi, {X, a}} ^ ix{da) + d{ixa) = Cxa , 

and 

[a, X]d = {{a, m}, X} = -{{m. a}. -''^I = -ix{da) . 

In addition, it is clear that, for vector fields X and Y , \X, Y]o is the Lie bracket, and 
for 1-forms, a and /?, [a,/?]D = 0, this bracket vanishes on pairs of 1-forms. Therefore 

[X + a,r + /3]d = [X,Y]^ CxP-iY{da) . (1.3) 

We compute these brackets on r*[2]TM[l] in local coordinates, (x^S^^jPijOi). Here 
/i = PiC- Let X = X^9i and a = a^^'. Then 

[X,a]D = - {^>. - djX^e.e^ak^} = X^d^au^ + d^X'a^S,^ , 

which is the expression of Cxol in local coordinates. Similarly, 

which is the expression of —ix{da) in local coordinates. 
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Remark 1.1 When ^ is replaced by n+H, where iJ is a d^-closed 3-form, the equation 
{/i + H, 11 + H} = is satisfied, and one obtains the Dorfman bracket with background, 
[ , ]d,h^ oiiT{A(SA*), 

[X + a,Y + P]d,h = [X + a,Y + P]D+ ix^yH , (1.4) 

making AQ) A* a twisted Courant algebroid [35] [33j [12] . 

Any 2-form B on A defines a gauge transformation, B: X + ai-^X + a + ixB, 
satisfying 

[B{X + a),B{Y + P)]d.h = B{[X + a.Y + p]D.H-d,B) ■ 
If B is d^-closed, then B is an automorphism of (A ® A*, [ , ]d,h)- 

2 Tensors and the big bracket 

We shall need various preliminary results concerning tensors on a Lie algebroid. 
2.1 Bivectors, forms and (1, l)-tensors 

Let tt' : yl* — > A be the map defined by a bivector tt, where 7r''a = iaTr, for a e T{A*). 
Then 

7r«a = {a,7r}. (2.1) 

Let iJ' : A ^ A* he the map defined by a 2-form uj, where lJ' X ~ — ixw, for 
X e TA. Then 

uj^X = {uj,X}. (2.2) 

Let A'^ : TA — > TA be the linear map induced by a vector bundle endomorphism of 
A. Then N can be identified with a (1, l)-tensor on A, more precisely with a section 
N of A* A, by setting 

N\X) = {X,N}, (2.3) 

for all X e TA. In local coordinates, if N has components Nj^, then N = Nj^S^'^Oa- 
We shall not distinguish between N and N, and we shall abbreviate N to N. 

Lemma 2.1 The map N — n'^ o uj^ : A A considered as a section of A* A is 

N = {7r,Lu} . 

Proof By the Jacobi identity, since {X,tt} = 0, for all X € TA, 

{X, N} = {X, {tt, u}} = {{uj, vr}, X} = {{uj, X}, tt} = {uj'X, ^} = {J o uj'){X) . 
This proves the result, in view of (|2.3p . □ 

In local coordinates, let tt = ^Tr"-^9a9b and uj = ^ujabCC''- For a = aa^" € r(A*), 
7r«a = Ti^^aaBb- For X = A:''6'a £ FA, w^X = cjafc^'T, whence (tt" o iJ'){X) = 
w'^^iVacX'^Ob- On the other hand. 
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whence {X, {tt,uj}} = TT''''uJacX''db. 

In particular, if tt is non-degenerate, and if tt and w are inverses of one another, by 
definition, tt' o (jj" = 

Ua and uj^{X) = —ix^, for all X g TA. Then the (1, l)-tensor 
{tTjCj} is the identity of A, Id^. In Section [3] below, we denote the adjoint action of 
Id^, {Id^,.}, byl. 

In local coordinates, ■K°'^u)ac = 5^c ^-nd {""i^l ~ C^a, satisfying {X, ^"^q} = X, for 
all X e TA. 

This relation is a particular case of a general result, proved in [20j : when tt and w 
are inverses of one another, for u e T'^'^', in particular for u G r(AP+^A ® A'^+^'^A*), 

{{7r,w},u} = {IdA,"} = (g-p)u , (2.4) 

or, in local coordinates, 

{COaM^{<l-p)u . (2.5) 
Therefore, for a bracket ^ (resp., cobracket 7) on A, 

{Id^, = A* (resp., {Id^, 7} = -7) 

and for a 3-form -0 (resp., 3-tensor 0) on A, {Id^,-!/'} = S?/' (resp., {Idyi, (j)} = —30). 

2.2 Deformed brackets and torsion 

Let (A, /i) be a Lie algebroid. Let N G r(A* (g) A) be a (1, l)-tensor on A, an element 
of shifted bidegree (0,0). Then the deformed structure^ 

UN = {N, ^} , 

defines an anchor po N and a skew-symmetric bracket on A which we shall denote by 
[, Explicitly, 

[X,Yr^ = {{X,{N,fi}},Y} , (2.6) 

for X and r e TA. 

Lemma 2.2 The bracket [ , ]^ is such that, for X , Y E TA, 

[X, Y]% = [NX, Y]^ + [X, NY]^ - N[X, Y]^ . (2.7) 

Proof By definition, 

[X, Y]% = {{X, {N, fi}}, Y} = {{{X, N}, ^i}, Y} + {{N, {X, fi}}, Y} 

= [NX, Y]^ + {N, {{X, fi}, Y}} + {{N, Y}, {X, /i}} 

= [NX, Y]^ + [X, NY]^ - N[X, Y]^ , 

where we have used the Jacobi identity and the definition of [ , □ 

The bracket [ , ]^ is called the deformed :21J (or contracted [Ij [5] [TU]) bracket of 
[ , ]p. By Tf^N we denote the Nijenhuis torsion of N defined by 

{T^N){X, Y) = [NX, NY]^ - Ni[NX, Y]^ + [X, NY]^) + N'[X, Y]^ , (2.8) 

for aU X and y e TA. It is clear that {Tf,N){X, Y) = [NX, NY],, - N{[X, F]^). 
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Proposition 2.3 In terms of the big bracket, 

Tf.N = i({7V, {TV, m}} - m}) , (2.9) 

and 

^{{N, {N, fi}} = r^iv} . (2.10) 

Proof See Grabowski [10] for Formula (|2.9p . which is proved by a simple calculation. 
Formula (j2.10|l follows from ()2.9|) by an application of the Jacobi identity. □ 

Remark 2.4 Formula (|2.9[) can also be viewed as a particular case of Formulas (5.22) 
and (5.16) of [16 , taking into account the fact that, for vector- valued forms, the big 
bracket and the Richardson-Nijenhuis bracket coincide up to sign (see [E]), or as a 
particular case of Formula (3.14) of [18]. Formula p.9p also appears in a slightly 
different form in [5], Section 3.3. It plays an essential role in [T]. 

2.3 Nijenhuis structures 

Let N E r{A* ^ A) he a. (1, l)-tcnsor on A, thus N is an element of shifted bidegree 
(0, 0). Then the deformed structure bracket is defined by (12. 6|) . and its explicit expres- 
sion is Formula ()2.7p above. We have denoted the Nijenhuis torsion of N by T^iV. 
The following result (see, e.g., |21]) is an immediate corollary of Proposition 12.31 

Theorem 2.5 A necessary and sufficient condition (resp., a sufficient condition) for 
the deformed structure hn = {N,^} to be a Lie algebroid structure on A is 

{/.,T^7V} = . 

(resp., %N = O;. 

When {^,T^N} = 0, we call T^N a d^-cocycle. 

Remark 2.6 The deformed Lie algebroid structure is compatible with /.j in the 
sense that + /iat is a Lie algebroid structure, i.e., {/i -f ^n, /i + /iw} = 0. 

The operator on r(A'yl*) associated to is = {^J-N, ■} = •}. 

By definition, a (1, l)-tensor N is an almost complex structure if N"^ = — Id/i, and 
an almost complex structure iV is a complex structure if T^A^ — 0. 

Proposition 2.7 An almost complex structure N is a complex structure if and only 

{{N,^l},N} = ^l . (2.11) 

Proo/ Equation ()2.1ip follows from (12. 9p and the relation {Ma,/^} = a particular 
case of ((231). ^ 
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2.4 Bivectors and 3-forms 

Lemma 2.8 If tt is a bivector and ip is a 3-form on A, then, for X, Y G TA, 

{{X, {xP, tt}}, Y} = 7r«(zxAy^) , (2.12) 

with the convention ixay ^ ix ° ■ 

Proof Since {X,tt} = {Y,tt} = 0, by the Jacobi identity, 

{{X, it}}, Y} = {{{X, V}, tt}, Y} = {{{X, V}, n, ^} ■ 

Now {X,->Jj} = ixip, {{X,^p},Y} = ixivi-'- Applying (P7T|) to the 1-form a = 
{{X, V^}, Y}, we obtain ^XT^. □ 

In local coordinates, let tt = ^Tr°'''9a9b and V' = gV'abc'C"C''C'^- Then {^/j,tt} = 
^TT'^'i^abci'^eOd- For X = X^0a, {X,{^,7t}} = ^^''Va&cX'^C^^d, and for y = Y-9a, 
{{X,{^P,Tr}},Y} = Ti'^^^abcX'^Y^ed. On the other hand, ixivi^ = il^abcX'^Y"^" , and 

3 A representation of s[2 

For u e JFP'*, we shall call w{u) — q — p the weight of u. Let tt be a non-degenerate 
bivector and uj a 2-form on A which are inverses of one another. Then {7r,a;} = Id^i. 
Set ad;^ = {uj, ■} and adj^ = {tt, •}. Then I — {{tt, lu, }, .} acts on J- by 

= w{u)u , 

for u £ T^''^ (see Formula p.4p ). Let ad^ = {.,7r} = — adjr be the right adjoint action 
of vr. Then 

[I, ad^] = 2adi^ , [I, ad^] = -2ad'^ [ad^, ad'^] = I , 

where [ , ] denotes the commutator of operators. Therefore the operators (ad^j, ad^, I) 
define a representation of SI2 on the linear space J- which restricts to the linear space 
of all tensors, analogous to the representation on forms in 25 . Then 

ad^(J^f'«) C Jc-P-i^-J+i, ad;(J^P^'?) C , 

so that w{a.<:\^u) — w{u) + 2 and ?i;(ad^M) — w{u) — 2. 

Definition 3.1 An element u e jFP^? is called primitive if u £ ker(ad^), i.e., if 
{u,7r} = 0. 

The next statement follows from the definitions. 
Lemma 3.2 Fort: and uj inverses of one another, ker(ad^) H ker(ad(j) C ®p>-iT^'^ . 
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The inverse inclusion is not valid since counter-examples are furnished by (1, 1)- 
tensors N of shifted bidegree (0,0) such that the 2-form {a,d^,N} or the bivector 
{ad^, N} does not vanish, e.g., when is a multiple of the identity. 

The following theorem is an analogue of the Hodge-Lepage decompositions in 
Kahler [H] and symplectic [57j [53] geometry. We first prove a lemma. 

Lemma 3.3 Let u ^ J- be of weight wiu). Then, for any k > 0, 

I(ad^u) = {wiu) + 2A:)ad^M . 

// u is primitive, then 

ad;(adJiu) = -k{w{u) + k- l)&d^^'\ . □ 

Proof The first formula follows from w(adfju) — w{u) + 2k. The second is proved by 
recursion on k. □ 

From the complete reducibility of finite-dimensional representations of semi-simple 
Lie algebras, and from Lemma we obtain the following result _2S] p5] - 

Theorem 3.4 Any element u e T^''^ admits the decomposition, 

u = uq + Sid^ui + ad^M2 + . . . + adf^Ufc + . . . , (3.1) 

where each Uk,k > 0, is a uniquely defined primitive element of T'^^^''^^^ of weight 
w{u) — 2k. 

4 Complementary 2-forms for Poisson structures 

The complementary 2-forms with respect to a Poisson structure on a Lie algebroid 
were defined and studied by Vaisman [J^ [3H]. We shall describe the complementary 
2-forms on a Lie algebroid A and their properties by means of the big bracket on 
.F. The method of proof using the big bracket gives a clear view of their nature and 
properties. 

4.1 Poisson bivectors 

We recall several well known facts concerning the Poisson structures on Lie algebroids 

m m- 

Lemma 4.1 Let {A, fj,) be a Lie algebroid. If n ^ r(A^A), then 

7x = {tt, fi} 

is of shifted bidegree (1, 0), and 7^ is a Lie algebroid structure on A* if and only if 

{7.,7J = 0. (4.1) 
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The next lemma gives conditions for the construction, from a bivector on a Lie 
algebroid, of a Lie algebroid structure on the dual vector bundle. Since {/i, /i} = 0, 

{l7T,lA = {{7r,/i},{7r,/i}} {{{7r,^},7r},^} = {[tt, tt]^, /i} . 

Therefore 

Lemma 4.2 A necessary and sufficient condition for to be a Lie algebroid structure 
on A* is 

{M,[7r,^]^} = , (4.2) 

while a sufficient condition is 

[n,7r]^^0, (4.3) 

i.e., t: is a Poisson bivector. 

The bracket defined by = {tt, ^} on r{/\'A*) is usually denoted simply by [ , J^r. 
Thus, by definition, 

{{a, {tt, //}},/?} = [a,/3]^ , 
for all a and (3 e r(A*yl*). The following lemma is proved in [IH]- 

Lemma 4.3 The bracket defined by 7^ ~ {^r, /i} on r(A'A*) is the Koszul bracket of 
forms. In particular, for all f £ C°°{M), a,l3 e T{A*), 

{{a,KM}},/}-((p°^«)a)- / , 

{{a, {tt, ^}}, /?} = - r^j^a - d^(7r(a, (3)) . 

Remark 4.4 A bivector tt is Poisson if and only if = {tt, /i} is primitive in the 
sense of Definition 13.11 Assume that tt is a non-degenerate bivector, with inverse uj. 
We consider the decomposition (|3.ip of the structure fi £ J^'^'^, 

/i = ^0 + ad^/ii , 

where /io € J^"'^ and fii £ J-^''^ are primitive, ad^/i^ = 0, « = 0, 1, and of weight 1 and 
— 1, respectively. Then, using Lemma 13.31 we obtain 

7ir = {7^7 m} = {tt, Mo + ad^^Mi} = -ad^A*o - ad^ad^^/^i = . 
Thus /i = /io + adt^7,r, where /xq and are primitive. 

4.2 Dualization and composition 

We now dualize the construction of Section WA\ Let (A*, 7) be a Lie algebroid. If 
Lu £ r(A^A*), then Jl = {7,^^-"} is of shifted bidegree (0,1) and is a Lie algebroid 
structure on A if and only if 

{[l.,H7,7}-0 , (4.4) 

while a sufficient condition is 

[uj,uj]^ = 0. (4.5) 
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We shall now combine the two preceding constructions and consider the following 
scheme, 



The following definition is due to Vaisman [37] . 

Definition 4.5 A 2-form satisfying (|4.5p when j = — {tt, /i} is called a comple- 
mentary 2-form for tt. 

Since, in this case, 7 = {7r,/i}, by Lemma 14.31 [wjw]^ = {{a;,7},cij} is equal to 
[WjwJtt, where [ , ]^ is the Koszul bracket . 

Let TT be an arbitrary bivector and u an arbitrary 2-form. Let us determine suffi- 
cient conditions for ]1 — {"fj^^uj} to be a Lie algebroid structure on A, i.e., to satisfy 

{/I,aI} = 0. (4.6) 

Proposition 4.6 (i) Let tt be a bivector on {A, fi) such that = {tt, /i} satisfies 
{7^, 7jr} = 0. ^ necessary and sufficient condition for Jl = {7^, lu} — {{tt, /i}, uj} to be 
a Lie algebroid structure on A is {[w,w]^,77r} = 0. 

(ii) Let TT be a bivector on (A, /i). A sufficient condition for Jl = {7^,1^} = 
{{n , fi} , Lo} to be a Lie algebroid structure on A is 

( [tTjTt]^ = (tt is Poisson) , 

1 [ujjUj]^^ = {u! is a complementary 2-form for tt) . 
Proof Using the Jacobi identity we compute 

= {{7^,^},{7^,w}} = {j^,{ui,{j^,uj}}} + {{■y^,{j.^,uj}},uj} 

= {in, {Ttt, (^}}} + ^{{{7^, 7^}, 

Let us assume that = {TT,fi}, and that tt satisfies {7^,7^} = 0, which is equiv- 
alent to (|4.2p . Condition (|4.6p becomes 

{7ir,{{w,7ir},^}} = , 

i.e., 

{-f^,[u,u;]^} = . (4.7) 
This proves part (i), and part (ii) follows immediately. □ 

4.3 Lie algebroid structure defined by a complementary 2-form 

Let us determine an explicit expression for the anchor and bracket of {A,J1). By the 
Jacobi identity, 

Jl^ {{tt,^},uj} = fii+ fi2 , (4.8) 
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where we have set 

/ii = {{7r,w},^} and ^2 = {tt, {m, t^}} ■ 

We set 

then /ii = {N,fi} and we write 112 — {vr, = {ip,?:}^ where ip is the 3-form 

-{^^,UJ} = -df^uj. 

By definition, the anchor of {A,]!) is p such that p{X)f ~ {{X, /!},/}, for all 
X e TA and / e C°°(M). Then p ^ po N, where p is the anchor of A. In fact, for 
X (eTA and / e C°°(M), 

{{X, A^i}, /} = {{X, {N, p}}, /} - p{NX) ■ f 

and 

{{X,/i2},/} = {{X,{^,7r}},/} = 0. 

Let us consider the bracket defined, for X, Y E TA, by 

[X,Y]^ = {{X,p},Y} . 

By Lemma [221 the bracket [ , J^^^ is the bracket [ , ]^ recalled in (|2.7p . The theorem 
below follows from Lemmas 12.11 12.21 and 12.81 

Theorem 4.7 Let n be a bivector and uj a 2-form on (A,p). Then it and u satisfy 
(j4.6p if and only if the bracket of sections of A defined by 

[X, Y]ji = [X, Y]% - 7:\ixAYd,,Lo) , (4.9) 

for all X , Y G TA, where N = ii^ o uj' , is a Lie algebroid bracket with anchor po N . 

In order to compare (|4.9p with Formula (3.3) in [SJ, we remark that B = ~N, so 
that [ , J'^ is the opposite of [ , ]'p. As a corollary of Proposition HTBl (ii) and Theorem 
14.71 we obtain the following results which were proved in [37) . 

Corollary 4.8 // tt is a Poisson bivector and lo is a complementary 2-form for tt, 
then 

(i) Formula (14. 9p defines a Lie bracket on the space of sections of A, and 

(ii) if, in addition, d^ui = 0, then bracket [ , ]^ , where N = n"^ o uj^ , is a Lie 
bracket. 

In part (ii) of this corollary the assumption that u be d^-closed can be replaced by 
the weaker assumption that, for all X and Y G TA, ix/\Yd^uj & ker(7r*'). 

Remark 4.9 If tt is a non-degenerate Poisson bivector, its inverse w is a complemen- 
tary 2-form for tt. In fact [21j . [a;,-]7r = dp and therefore [a;,a;]^ — df^uj — 0. In this 
case N = IAa and p2 = 0, therefore p, — p. 
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4.4 The modular class of {A, n) 

Consider a Poisson bivector tt on ^ and a complementary 2-form uj with respect to 
TT. Assume that A is orientable and let A be a nowhere- vanishing section of A*°p(A*) 
that defines an isomorphism, from multivectors to forms. Let = — [oj, .Jjr be the 
Lie algebroid cohomology operator of A with structure /i = {{tt, /^}, a;}. Each of the 
operators on the sections of A*^, 

and 

generates [ , ]]i and also has square since w is a complementary 2-forni with respect 
to TT. The 1-form £,Tr,ui,\ on A defined by 

is a c?^-cocycle. Its class is the modular class of the Lie algebroid {A,Ji) [ID]. 

In the following sections, A denotes a vector bundle over a manifold Af, and we 
let {A,^) be a Lie algebroid, so that, by assumption, {fi, n} = 0. We will sometimes 
abbreviate {A, /i) by A. 

5 What is a PA^-structure on a Lie algebroid? 

We have reviewed the Nijenhuis structures in Section [^751 We now consider Nijenhuis 
structures on Lie algebroids equipped with a Poisson structure. 

5.1 Compatibility 

Given a bivector tt and a (1, l)-tensor N on {A, jj,), we consider both 

flN = {N, fl} , 

which defines an anchor p o N and a bracket [ , ]^ on ^, and 

7^ = {7r,/i} , 

which defines an anchor p o tt' and a bracket on A* that we have denoted by [ , 
We assume that 

Non^ = n^ oN* , (5.1) 

where N* denotes the transpose of N satisfying < N{X), a >=< X, N*{a) >, for all 
X G TA and a G r(^*), so that TV o tt' defines a bivector ttat by 7r|^ = TV o tt". Then, 

ttat = i{7r, iV} . 
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We introduce a compatibility condition for tt and A'' by requiring that the bracket 
[ , ]^ twisted by tt, which is {tt, {TV, /i}}, be equal to the bracket [ , Jtt deformed by 
N*, which is {{tt, /z}, N}. Thus we set 

C^iir, N) = {tt, {N, + {N, {tt, , (5.2) 

which is a section of /\^A (g) A*. 

Definition 5.1 ^ bivector t: and a {1, 1) -tensor N on {A, fi) are called compatible if 
they satisfy (jS.ip and 

C^{tt,N) = 0. 

A PN-structure on (A, fi) is defined by a Poisson bivector and a Nijenhuis tensor on 
[A, fi) which are compatible. 

5.2 PN structures and Lie bialgebroid structures 

A necessary and sufficient condition for {fJ-N,"fTr) to define a Lie bialgebroid structure on 
{A, A*) is {fJ.N+lir, ^^N + J^T} = 0. When is a Nijenhuis (1, l)-tensor, {fiN^^jy} — 0, 
and when tt is a Poisson bivector, {7^,7^} = 0. Therefore in this case the condition 
{iJ-N + 7ir, + Jtt} = is equivalent to {hn, Itt} = 0. 

Lemma 5.2 Let C'^{tt,N) ^ 2{fiN,J^}- Then C'^{n,N) ^ {n,C^,{Tr,N)}. 

Proof By the Jacobi identity, 

C;(7r, N) = 2{{N, m}, {n, ^i}} = {{N, ^j, {tt, fi}} + {{tt, f,}, {N, m}} 

= {{{N, n}, tt}, ^l} + {{{tt, N}, ^} = {^i, c^{ti, n)} . □ 

Theorem 5.3 Let N be a Nijenhuis (1, l)-tensor and tt a Poisson bivector on 

(i) The vanishing of {/x, C^(7r, A^)} is a necessary and sufficient condition for 
(MtViTtt) to define a Lie bialgebroid structure on (A, A*). Ln particular, if tt and N are 
compatible, then {fiN,^,^) is a Lie bialgebroid structure. 

(ii) Lf the d^^-exact 1-forms generate T{A*) locally as a C°° (M) -module, then a 
Poisson bivector tt and a Nijenhuis tensor N define a PN-structure on {A, 11) if and 
only if the pair (11^^,^^^) defines a Lie bialgebroid structure on (A, A*). 

Proof Only (u) needs to be proved. From C'^{tt,N) ~ {^,Cf_i{TT, N)} we obtain 

{C^TT, N), {^,, /}} = {{C^iTT, N),fl}, /} = -{C'^iTT, N),f} , 

for aU / e C°°(M). Thus C;,(7r,iV) = implies C^,{TT,N){d^,f,-) = 0, for all 
/ S C°°(M). Under the assumptions of part (ii) of the theorem, C^{tt,N) vanishes 
identically since it is C°°(M)-linear. □ 

The equivalence stated in the theorem was proved in pTT] for the case when A is 
the tangent bundle of a manifold. This equivalence may fail for Lie algebroids which 
are not tangent bundles, a fact observed by Grabowski and Urbanski [TT] . 
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Remark 5.4 The compatibility condition C^{tt,N) = implies that the brackets 
[7 Ittjv, ([ : ]n)^ and ([ , ]^)Ar* coincide. In fact, from {Tr,{N,n}} = {{tt, ^},7V}, 
we obtain {^i, {N, n}} = {{/x, N}, n} + {N, {/x, tt}} = 2{{//, TV}, ^} = 2{N, {n, n}} or 
{/X, TTjv} = {mw, tt} = {{tt, fl}, N}. 

Remark 5.5 The condition C'^{tt, N) = is equivalent to each of the following: 

• The operator = {{N, /i}, •} — [i^, d^] is a derivation of [ , J^r, 

• {T{A'A*), [ , ].n,dpf) is a differential Gerstenhaber algebra, 

• The operator d-^ = {{tt, /x}, •} = [vr, -J^t is a derivation of [ , 

• (r(A*A), [ , ]^,(i7r) is a differential Gerstenhaber algebra. 

6 On compatible Poisson structures 

For some of the results in this section, see [51 and earlier articles cited there. 

Two Poisson bivectors on {A, fj.) are said to be compatible, or to form a Hamiltonian 
pair or to define a hi- Hamiltonian structure, if their sum is a Poisson bivector. Thus 
Poisson bivectors tt and tti are compatible if and only if {{tt, /x}, tti} — 0. 

Let TT be a bivector on and TV a (1, l)-tensor. Assume that iV o tt" is a 

bivector, i.e., N o n'^ = ■k'^ o N* . We have set irj^ — N o ttK Then 

ttat = i{7r, iV} . 

In particular, if a bivector tt is non-degenerate and has inverse w, then N = {7:1^,0;}. 

Proposition 6.1 Assume that n is a non- degenerate Poisson bivector on (A, ^) with 
inverse lo, and N is a (1, l)-tensor such that tt and ttn satisfy {{tt, /i}, ttn} = 0. Then 

{{^l,^T},N} + {{^l,N},^T} = , (6.1) 

and 

{{N,^l},u;} = . (6.2) 
//, in addition, tt^ is a Poisson bivector, then 

{{^l,7^N},N} + {{^l,N},7^N}^0 . (6.3) 

Proof Since lu is the inverse of tt, {tt, oj} is the identity of A and, by (|2.4p . for u E T'P''', 

{u,{tt,uj}} ^ {p- q)u . (6.4) 

By assumption, {{7r,/i},7r} — and {{tt, /x}, tt^v} = 0. 

(i) From the compatibility of tt and ttjv and the Jacobi identity, we derive 

= {{{ttjv, /^}, tt}, cj} {{{ttjv, uj}, tt} + {{ttn, Ai}, {tt, w}} . 

Because tt is a Poisson bivector, {/x, = 0. Therefore 

= {{{ttat, uj}, /i}, tt} + {{ttat, ^}, {tt, w}} . 
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Using the relations tttv = ^{n,N}, N — {ttn,u;}, and (|6.4p . we obtain 

= {{N, tt} + i{{7r, N}, ^,} = {{N, n} + ^{n, {N, fi}} + ^{{n, ^^}, N} 

^l{{N,^,},^T} + ^{{n,^l},N} . 

(ii) To prove (|6.2p . we compute 

{{tt, {N, fi}}, tt} - {{{^, iV}, /i}, tt} + {{TV, {tt, /i}}, tt} = 4{^jv, {a^, tt}} - , 

and we know that the vanishing of {{tt, {N, ^}}, tt} is equivalent to {{N, /i}, oj} = 0. 

(iii) To prove (|6.3p . we use the assumption {{n n , fi} , n n} = to obtain 

= {{{'^N, fJ.}, ttat}, uj} = {{ttjv, /i}, iV} + {{{ttn, Ai}, 7i"jv} 
- {{TrN,t^},N} + {{N,n},TrN} , 



thus proving (|6.3p . □ 
From (|6.ip . it follows that 

{ttat, = ^{{tt, iV}, Ai} = {{^, fi}, N} = {{/., TV}, tt} , (6.5) 

and from (|6.3p . it follows that 

^{{TrAr, TV}, Ai} = -{{m, ^jv}, N} = TV}, ttat} . (6.6) 

Lemma 6.2 When TV = {cr, r}, where a is a bivector and r a 2-form, then 

TV2 = -i{{TV,a},r} . 

Proof This formula is proved by a simple calculation. □ 

The following essential result in the theory of bi-hamiltonian systems was proved 
by Magri and Morosi in [31] and also by Gelfand and Dorfman [8] in the algebric 
framework of Hamiltonian pairs and by Fuchssteiner and Fokas [9] in their study of 
Hamiltonian structures for evolution equations. See [H] for the case of Lie algebroids. 

Theorem 6.3 Let tt and tti be compatible Poisson structures, with tt non-degenerate. 
Set N = tt{ o (tt^)-^ . Then 

(i) the Nijenhuis torsion of the {l,l)-tensor N vanishes. 

(ii) the pair (tt, TV) is a PN-structure, 

(iii) the pair (tti,N) is a PN-structure. 

Proof (i) Let uj be the inverse of tt. Then TV — {tti,uj}. Applying Lemma [6?2l to a — tti 
and T = Lo , we obtain from Formula (12.911 : 



2T^N^{N,{N,^i}}-{N^^i} 
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= {N,{N,f,}} + ^{{{N,7r,},u;},fi} . 

Using ([621) and jSSl) yields 

2 T^N = {N, {N, + {{{N, ^i}.7^,}, lo} 
^{N,{N,^l}} + {{N,^l},N}^0 . 

(ii) Equation (|6.ip expresses the vanishing of C^{-k,N). 

(iii) Equation (|6.3p expresses the vanishing of (tti , N) . □ 

In [21] and in the references cited above, it is proved more generally that each tt^ 
defined by tt^ = N'^on^, fc g N, is a Poisson bivector, and the bivectors tt^ are pairwise 
compatible. The preceding theorem admits a converse. 

Theorem 6.4 // tt and tti are non-degenerate Poisson bivectors, and if N — Tr\ o 
(tt")^"'^ has vanishing Nijenhuis torsion, then n and tti are compatible. 

Proof Assume that tt is non-degenerate and let uj be its inverse. Since tt is a Poisson 
bivector, {iJ,,u}} = 0. From this fact, the fact that tti is Poisson and the formula 
N = {tti, Lu}, we obtain ()6.3p which implies 

{{N,7^l},^l} = 2{{N,^i},7^,} . (6.7) 

From Lemma 16.21 applied to iV = {tti,uj}, we obtain 

2T^N - {N, {N, /i}} + i{{{iV, ^i}, Lo}, . 

Using {fi,Lu} = and (|6.7|) . we obtain 

2T^N = {N, {N, + {{{N, /x}, ^i}, a;} , 

whence 

T,N =^{{{N,^l},u;},n^} . (6.8) 

We now assume that tti also is non-degenerate, and we denote its inverse by uji. 
Then 2{7^iV, wi} = {{N, fi},uj} and the vanishing of T^N implies the vanishing of 
{{N, ^},uj}. We then remark that the vanishing of {{A^, /i}, w} is equivalent to the 
vanishing of {{tt, {N, fi}}, tt}. Since {{vri, /i}, tt} = j{{tt, {N, fi}}, tt}, the vanishing of 
Tfj_N implies that tt and tti are compatible. □ 

Remark 6.5 Let tt be a non-degenerate Poisson bivector with inverse oj and let N be 
a (1, l)-tensor. Assume that ttjv defined by (tt^v)" = A o tt" is a Poisson bivector. In 
view of Lemma 12.81 and Lemma 17.11 below. Formula (|6.8p means that 

(r^A)(A,y) - i(7r^)«(iXAi'(dw^)) , 

for all X and y e TA. 

In the next sections we shall review and compare the PH.- and fiA^-structurcs of 
Magri and Morosi [3T] and the Hitchin pairs of Crainic 6J. 
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7 What is a PQ-structure on a Lie algebroid? 



In [31], Magri and Morosi defined the Pft- and ilA^-structures on manifolds and, more 
recently, in his study of generalized complex structures, Crainic defined Hitchin pairs 
on manifolds These notions admit straightforward generalizations to the case of 
Lie algebroids which we now define and study. When the Lie algebroid is TM with its 
standard Lie algebroid structure, these definitions recover the classical case. Most of 
the results in this section are particular cases of the general theorem of AntunetH on 
Poisson quasi-Nijenhuis structures with background, see [1], Theorem 4.1. 

If iV is a (1, l)-tensor on a Lie algebroid (A, /i), let /i^r = {iV, /i} be the deformed 
bracket satisfying (|2.7p . Define the operator on forms ijv — {N,-} and let he the 
operator considered in Remark 15.51 

where [ , ] is the graded commutator. In particular, if a form a is d^-closed, then 
dfj^ictN) — —dpfO, where apf = i^^a. The following simple lemma was proved in pT| . 
We present an alternative proof. 

Lemma 7.1 Let N be a (1, l)-tensor on (A, /i). The operators on forms d^ — [in, dfj] 
and dfij^ = {fiN^ ■} coincide. 

Proof For any form a, d^^a = {nN,a} = {{N,n},a} = {N,{^i,a}} - {^i,{N,a}}, 
while dNa = [i^, dp] (a) = iN{fJ-, a} - {fi,iNa} = {N, {fi, a}} - {^, {N,a}}. □ 

Let iV be a (1, l)-tensor and cu a 2-form on {A, ii) such that 

J oN = N* . (7.1) 
Then ujn defined by oj^ = w'' o is a 2-form and 

i^N = ^IN^^ = ^{N,Lj} . 

Let TT be a bivector and let be a 2-form on the Lie algebroid {A, ji) . Set N — 
7rf otJ^ Then (fTTj) is satisfied and 

N = {7r,w} . 

We shall now prove identities relating tt, lu and N when N = {7r,w}. 

Lemma 7.2 Let tt he a bivector and uj a 2-form on and let N he the (1,1)- 

tensor N ^ n"^ o u;^ . The 2-form to satisfies 

w]^ -t- dAfW = -id^(a;Ar) . (7.2) 

The convention for the definition of ij in is the opposite of ours. 
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Proof In fact, by the Jacobi identity, 

[^,'^]7r = {{w,{7r,Ai}},^} = {{{'^,7r},/i},w} + {{7r, 

= {{^. {a*, ^}} + {{{w, tt}, w}, fi} + {{vr, cj}, {w, fi}} 
= 2{{cj, tt}, {pt, uj}} ~ {{{vr, tj}, cj}, ^} . 

Since A'^ = {tt, lo} and d^o; = {fi, w}, we obtain [oj, ojJtt = — 2{ A^, {/x, w}} + {/i, {A^, oj}}, 
hence ([7^. □ 

Remark 7.3 When (tt, iV) is a FTV-structure, (r(A'(A*)), [ , ]^,div) is a differential 
graded Lie algebra, and this formula expresses the fact that 2-forms such that i^uj is 
d^i-closed are Maurer-Cartan elements in this DGLA. 

We shall prove two additional identities relating tt, uj and A^. We recall that 
[tt, tt]^ = {{tt, /i},7r} and that Cp(7r,A^) is defined by Formula (|5.2p . 

Lemma 7.4 A bivector tt, a 2-form uj and a (1, l)-tensor N related by N — n'^ o ui^ 
satisfy the relations 

{[7r,^]^,c^} = {{7r,d^w},7r} + C^(^,iV) , (7.3) 

and 

{{[tt, tt]^, u}, u} = {{tt, d^Lo}, tt}, lo} - {{tt, N}, d^uj} + 2{Tr, dNL^} + 4T^N . (7.4) 

Proof Applying the Jacobi identity, we obtain 

{{{tt,h},tt},uj} = {{{7r,^},tj},7r} + {{7r,^},{7r,a;}} 

= {{tt, {^,Lj}},7r} + {{{7r,a;},^},7r} + {{7r,^},{7r,tj}} . 

Therefore, for A^ = {tt,uj}, we obtain (|7.3p . Furthermore, 

{C,,{tt, N),uj} = {u;, {{N, fi}, tt}} + {cu, {{tt, f,}, N}} 

= {{A^, A*}, {to, tt}} + {tt, {{N, ^}, uj}} + {to, {tt, {fi, N}}} + {u, {{tt, N}, fi}} 
= -{{N, fi}, N} + {tt, dNio} + {{uj, tt}, {fi, N}}} 

+ {{{fi, N}, io}, tt} + {{to, {tt, N}}, fi} + {{tt, N}, {uj, fi}} 
= 2{N, {N, fi}} + 2{tt, dNU^} - {fi, {{N, tt}, u^}} + {{N, tt}, d^uj} . 

We shall now make use of Formula (|2.9p and Lemma 16.21 which imply 

AT^N = 2{N, {N, fi}} - {{{N, TT},uj},fi}. 

Thus 

{C^{tt, N),lu} = {{N, tt}, d^Lo} + 2{tt, d^Lu} + 4.%N . 
Whence the relation ([7^ . □ 
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Definition 7.5 A bivector tt and a 2-fo'rm lj on a Lie algebroid {A, /i) define a Pf2- 
structure if is a Poisson bivector, uj is d^-closed, and d^{LON) — 0, where N ~ tt'^ouj^ 
and ujn is the 2-form such that = uj'^ o N . 

Since d^oj = 0, the condition dfj_{LUN) = in tlie definition of a Pf2-structure is 
equivalent to the condition dNtu = 0, so that P57-structures can be characterized as 
foUows. 

Proposition 7.6 A Poisson bivector tt and a d^-closed 2-form ui on {A, jj) define a 
P^l- structure if and only if dfquj — 0, where N — tt^ o uJ' . 

Since N — {7r,w} and wjv = \iN^ — ^{-^i'^}; in terms of the big bracket, the 
conditions in the definition of P57 structure are 

{{7r,/i},7r} = 0, {/i,c^}-0, and {^i,{N,uJ}} = . 

We can relate the notion of PQ, structure to that of complementary 2-form. 

Theorem 7.7 A Poisson bivector n and a 2-form to on {A, fi) define a Pfl-structure 
if and only if lu is a di^^-closed complementary 2-form for tt. 

Proof In fact, by the Jacobi identity, 

[UJ,UJ]^ = {{uJ,{TT,fi}},U;} = {{{uJ,TT},fi},Uj} + {{{uj,fi},TT},Uj} 

= -{{N, n}, oj} + {{tt, d^cu}, oj} = -djvtJ + {N, d^w} . 

Thus, if LU is both d^t- and dAr-closed, it is a complementary 2-form. Conversely is uj is 
a d^-closed complementary 2-form, then dpfUj = 0. □ 

The following theorem generalizes a result of [3T] . 

Theorem 7.8 // a Poisson bivector tt and a d^-closed 2-form oj on {A, fj,) define a 
PQ-structure, then the pair (tt, N), where N = tt'^olo^ , is a PN -structure. Conversely, 
if{TT,N) is a PN -structure andTT is non- degenerate, then {tt,lo), where uj^ — {tt'^)^^oN 
is a P^l- structure. 

Proof li (tTjU;) is a Pfi-structure, Equation (jS.ip is obviously satisfied. It follows from 
(|7.3p that, when tt is a Poisson bivector and is a d^t-closed 2-form, tt and N = {tt, oj} 
are compatible. It follows from (|7.4p that, if in addition d^u} = 0, then T^N — 0. 
Therefore (tt, N) is a PiV-structurc. 

Conversely, it is clear that (|5.1[) implies that w is a 2-form. Assume that tt is non- 
degenerate and let r be the 2-form inverse of tt. Then {{7r,T}, •} = I. Applying {r, •} 
to both sides of equation (|7.3p yields 

{{[tt, tt]^, u}, t} = {{{tt, d^L^}, tt}, t} + {C^(7r, N), r} . 

Now, by ((2:4)) . 

{{{tt, d^w}, tt}, t} = {{tt, d^w}, {tt, t}} -|- {{{tt, d^w}, r}, tt}} = 4{dpa), tt} . 

Applying {r, •} once more yields d^cj = 0. Therefore, if tt is a non-degenerate Poisson 
bivector and tt and N are compatible, then lo is d^-closed. Applying {r, •} to both 
sides of equation (|7.4p then yields df^Lo = when [tt, tt]^, C^(7r, N) and T^A^ all vanish. 
□ 
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Corollary 7.9 Ifirisa Poisson bivector and lu is a closed complementary 2-form for 
TT, then the Nijenhuis torsion T^{N) of N = ii^ o iJ' vanishes. 

Proof This corollary follows from Theorems 17.71 and 17.81 □ 

8 What is an QA^-structure on a Lie algebroid? 

Definition 8.1 A 2-form oj and a (l,l)-iensor N on a Lie algebroid (A, /z) define 
an -structure if uj^ o N = N* o ui^ , to is dfj,-closed, N is a Nijenhuis tensor, and 
d^{wN) — 0, where oj^ — lJ' o N . 

Since lom ~ ^{iV, oj}, the conditions in the definition of an fiiV structure, in addition 
to w'' o = N* o cj^, are, in terms of the big bracket, 

{/i,a;} = 0, {7V,{7V,/x}}-{iV2^/i} = 0, and {TV, c^}} = . 

Theorem 8.2 // {uj,N) is an Q,N -structure and w is non- degenerate, then (tt, iV), 
where vr" = TV o , is a PN -structure. Conversely, if {tt,N) is a PN -structure 

and TT is non-degenerate, then {uj,N), where — {n'^)^^ o TV, is an D,N -structure. 

Proof li (w,TV) is an fJTV-structure, we conclude from (|7.4p that {[tt, ttJ^, cj}, lj} — 0. 
If is non-degenerate with inverse a, applying {a,-} twice yields [tt, tt]^ = 0. From 
(|7.3|) we then see that tt and TV are compatible, therefore (tt, TV) is a PTV-structure. 

Conversely, if (tt, TV) is a PTV-structure, from ()7.3p we obtain {{tt, d^ui}, tt} = 0. If 
TT is non-degenerate with inverse r, applying {t, •} twice yields d^u — 0. Then (|7.4p 
yields {tt, dNUj} = 0. Applying {r, •} yields dNUj = 0, whence also diui^) = 0. □ 

Theorem 8.3 If{'K,Lu) is a PQ-structure, then {uj,N), where TV = tt'ow^, is an flN- 
structure. Conversely, if {lo, TV) is an VLN -structure and uj is non-degenerate, then 
(tTjLu), where ii^ = N o {iJ')^^ , is a PQ.- structure. 

Proof If (7r,w) is a Pf2-structure, we conclude from (|7.4p that TV is a Nijenhuis tensor 
and therefore (w, TV) is an ilTV-structure. 

Conversely, if (w, TV) is an fiTV-structure, from (|7.3p . we obtain { [tt, tt]^, w}, uj} — 0. 
If UJ is non-degenerate with inverse a, applying {cr, •} twice yields [tt, ttJ^ — 0, and 
therefore (tt, uj) is a PJ7-structure. □ 

We can relate the notion of ilTV-structure to that of a complementary 2-form. The 
following proposition is a consequence of Theorems 17.71 and 18.31 

Proposition 8.4 If uj is a df^-closed complementary form for a Poisson bivector n, 
then {uj,N), where TV = vr' o uj^ , is an flN -structure. Conversely, if (w,TV) is an 
U,N -structure and uj is non-degenerate, then n such that tt^ = N o (^uj^)^^ is a Poisson 
bivector and uj is a d^,- closed complementary 2-form for tt. 
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Remark 8.5 Magri and Morosi [3T] introduced the HA^'-structures as follows: an UN- 
structure on a manifold M is a pair (co^N), where w is a closed 2- form and TV is a 
Nijenhuis tensor such that uj'' o N — N* o uj" and S{uj,N) = 0, where S{uj,N) is the 
section of A^{T*M) (g) T*M such that, for X and F e r(TM), S{uj,N){X,Y) = 
{CnyujY{X) - {CNXi^YiY) - {lo^ o N)[X,Y] + d < {u^ o N){Y),X >. They then 
proved that for any 2-form cu and (1. l)-tensor N on M, for all vector fields X, Y, Z, 

S{lu,N){X,Y,Z) = dLj{NX,Y,Z) - duj{X,NY, Z) + d{uJN){X,Y.Z) , 

with = lJ' o N . Using this formula, they proved that if (tt, lu) is a Pil-structure 
on M, then (w, iV), where N = n'^ ow'', is an iliV-structure. The preceding formula 
remains valid in the case of a Lie algebroid when d is replaced by c?^. Therefore 
Definition 18.11 agrees with the original definition of Magri and Morosi. 

9 What is a Hitchin pair on a Lie algebroid? 

Recall that a c?^-closed non-degenerate 2-form is called symplectic. The following 
definition is due to Crainic [Si'. 

Definition 9.1 A symplectic form lu and a (l,l)-tensor N define a Hitchin pair on 
a Lie algebroid (j4, ji) if iJ' o N ^ N* o lu^ and ^^(wAr) = 0, where — uj^ o N . 

It follows that an ilA^-structure (w, N) when lu is non-degenerate is a Hitchin pair. 
Conversely a Hitchin pair (w, N) is an ilA^-structure if and only the Nijenhuis torsion 
of TV vanishes. 

The 2-form A = —{lu + {lun)]^), where {ujn)n = jiN{iN^) — is 
called the twist of the Hitchin pair. 

Lemma 9.2 Let (lu,N) be a Hitchin pair. The twist 2-form A satisfies the relation, 

T^N^{cT,d^X} , (9.1) 

where a is the inverse of oj. 

Proof Since N = a'^ o [un)^ ^ we can apply Formula (|7.4p to a and Ufq. Since d^Lu = 
and therefore [cr, cr]^ =0, and since ^^(wAr) = 0, Formula (|7.4p reduces to 

%W = ]j^{dN^N,CF} ■ 

Since d^{LUN) = 0, dNiuJN) = -d,_X'^N^N) = -2d,i((wiv)jv) = -\d^{iN{iNUj)), and we 
obtain (|9.ip without further computations. □ 

In view of Lemma 12.81 this result agrees with the computation in [6] (but there is 
a misprint in the definition of the twist in the unpublished preprint [6]). 

When (w, N) is a Hitchin pair on a Lie algebroid A satisfying the algebraic condi- 
tions, N"^ — (t'* o a'' = —Idyl, where A is the twist 2-form, then N = <y + N + \ is a, 
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generalized complex structure (see Section [TT|) on A® A*, i.e., on M if A = TM. In 
matrix form, 



Then (cr, TV, — d^A) is a Poisson quasi-Nijenhuis structure [36] [T]. In this case, we 
obtain an alternate proof of (|9.ip 

The table in the next section summarizes the main definitions and implications of 
the preceding sections. 

In the diagram that summarizes the relationships between PN- , Pfl- and ^IN- 
structures, the arrows denote implications, and the dotted arrows denote implications 
under a non-degeneracy assumption. 
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10 Summary 

10.1 Definitions 

PN {NP = PN*) 

{{7r,M},7r} = 0, {{tt, I,}, N} + {{N,ii}, 7r} = 0, {N,{N, n}} - {N^ , tx} = 

PCt 

{{7r,^},7r} = 0, {ii,u}} = 0, {{{tt,<jj},ij.},uj} = 
nN {uj^oN = N*oJ) 

{l^,u>} = 0, {iV,{iV,/z}}-{iV^M}=0, {m,W^}} = o 
Hitchin pair {lo^ o N = N* o to^) 

{l^,u)} = 0, {i^,{N,w}} = 

Complementary 2-form 

{{7r,/x},7r} = 0, {{u>,{tt,ii}},u} = 

10.2 Relationships 

PO => PAT {N = Trouj) 
PN and n non— degenerate =J> PQ {lo = tt^^ o N) 
flN and lj non— degenerate PN {'!t = Nouj~^) 
PN and it non— degenerate => flN {u = ■k~^ o A'') 

Pn=^nN {N = Trou>) 
flN and co non— degenerate PQ. {it = Nouj~^) 
Hitchin pair and N Nijenhuis OA'' and u non— degenerate 
(jj closed complementary 2— form for tt <J=^ Pfl 



pn 




PAr^::::::::::::::::::::::::::::::>: OAT 
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11 Nijenhuis tensors on Courant algebroids 



11.1 Courant algebroids 

The double E~A(S)A* of any proto-bialgebroid {A, A*) is a Courant algebroid when 
equipped with the Dorfman bracket (see Section II. 2p which is the derived bracket 
defined by 

[u,v]s = {{u,S},v} , 

for u,v e T{A (S A*). Here S denotes the structure (f) + ^j. + -f + Tp. When {A, A*) is 
a Lie bialgebroid, then S ~ + j and [ , ]s is the bracket that we have denoted by 
[ , ]r, in Section O The usual case is A = TM with 7 = 0. (See [12].) 

The skew-symmetrization of the Dorfman bracket is the Courant bracket, [u, v\'g = 
\{[u,v\s - [v,u]s). 

11.2 Nijenhuis tensors and generalized complex structures 

For an endomorphism A/" of E, the Dorfman torsion TsM (resp., the Courant torsion 
T^N) of TV is defined by 

(Ts7V)(m,u) = [Nu,Nv\s ~N{[Nu,v]s + [u,Nv\s) +7V^[u,w]s 

(resp., {Tl.N){u,v) = [Nu,Nv]'s - N{[Nu,v]'g + [uMv]'s) + N^[u,v]'g). 

A generalized almost complex structure is an endomorphism M oi E which is or- 
thogonal with respect to the symmetric bilinear form, and such that N"^ — — Id^. Note 
that if A/"^ = -Aldfi, with A ^ 0, then MM* = Id^ is equivalent to 7V+ AA/"* = 0. In 
particular, the orthogonality condition for a generalized almost complex structure is 
equivalent to M + M* =0. 

A generalized almost complex structure A/" is a generalized complex structure if 
TsN = 0. 

Lemma 11.1 For a generalized almost complex structure M , TsJV = TgM . 

Proof Since A/" is orthogonal, the equality follows from the relation [u, v\s + [f , u]s = 
'D{< u,v >), where {Vu){f) =< pu.df >. □ 

Thus the integrability condition for an almost complex structure can be expressed 
either in terms of non-skew symmetric brackets or in terms of skew-symmetric brackets. 

As observed by Grabowski in [iOt , Formula p.9|) is valid when /i denotes the cubic 
homological function defining the Courant algebroid structure, denoted by S above. 
Therefore the following theorem is proved. 

Theorem 11.2 The generalized complex structures are the generalized almost complex 
structures such that 

{{Af,S},Af}^S . 

The preceding remarks also apply to almost product and almost subtangent struc- 
tures. They are characterized by {{M, S},M} = —S and {{J\f , S} , J\f} — 0, respec- 
tively. 
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When the torsion of A/" vanishes, M defines a deformed structure Sj^f = {M, S} on A, 
and N maps bracket [ , ]sj^ to bracket [ , ]s- A necessary and sufficient condition 
for Sfyf = {M, S} to be a Dorfman bracket is {5, {{A/", 5}, AA}} = 0. In fact, Formula 
(|2.10p extends to the Courant algebroid case, 

\{S^, Sm} = S}, {U, S}} = {5, TsM} . 

The vanishing of Ts{M) expresses the fact that M : {E,Sj\f) {E,S) preserves the 
brackets. 

In the next sections we shall study Monge- Ampere structures as examples of com- 
patible structures and generalized geometries. 

12 Monge- Ampere structures on manifolds 

The notion of Monge-Ampere structure has its origin in the theory of symplectic 
Monge- Ampere operators and equations. See |25j for a detailed analysis of symplectic 
and contact Monge-Ampere operators and equations, together with many examples. 
Let M be a smooth manifold of dimension n and let T*M be its cotangent bundle. 
We shall denote the space of fc-forms on T*M by n^{T*M) and the space of vector 
fields by X{T*M). Let T{T*M) be the space of functions on the supermanifold 
T*[2]{T[T*M))[l]. 

We shall denote the canonical symplectic 2-form on T*M by fi, and its inverse, 
the canonical bivector, by ttq. More generally, we shall denote by tt^ the bivector on 
T*M that is the inverse of a non-degenerate 2-form t on T*M . 

Definition 12.1 The pair {^^uj) is a Monge-Ampere structure on M if u is an n- 

form on T*M satisfying the condition cj A = 0. 

According to the original ideas of Lychagin [29] [25] , any symplectic Monge-Ampere 
operator on M can be defined by an effective form on T*M of degree k, 2 < k < n, 
i.e., a fc-form uj such that IttqW = 0. When k = n, this condition is equivalent to the 
condition uo /\VL — Q, so (5^,a;) is a Monge-Ampere structure if and only if uu is an 
effective n-form. 

A correspondence between forms on T*M and form- valued differential operators 
on M is defined as follows. Let fc be a positive integer, k < n. For any fc-form uj on 
T*M, define the Monge-Ampere operator, A„ : C°°(Af) n^{T*M), by 

A.(/) = , (12.1) 

for any / e C°°(M). We understand the differential df to be a map, df : M ^ T*M, 
the section of the cotangent bundle defined by the smooth function /. The equation 
^Lj{f) = is called a Monge-Ampere equation. 
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13 Monge- Ampere structures in dimension 2 and 
compatible structures 



13.1 Monge-Ampere structures in dimension 2 

We first consider the simplest geometric examples, those of Monge-Ampere structures 
in dimension n = 2. In this case, dim(r*M) = 4, and a Monge-Ampere structure is 
defined by a pair of 2-forms {^,uj) on T*M, where is the canonical 2-form and uj 
satisfies the effectivity condition, a; A = 0, or equivalently, i-„^u} = 0. We consider 
the (1, l)-tensor on T*M, = (tto)" o J> , which satisfies, for aU X, F e X{T*M), 

uj{X,Y)^n{A^X,Y) . 

It is easy to prove that A^^ satisfies the equation +Pf((jj)Id = 0, where the Pfaffian, 
Pf(a;), of the 2-form uj is defined by 

Pf{uj)fl Afl^uj Auj , 

and Id is the identity of T{T*M). 



13.2 Non-degenerate Monge-Ampere structures in dimension 

2 

By definition, a Monge-Ampere structure (fl,u>) on T*(M^) is called non-degenerate if 
its Pfaffian Pf(w) is nowhere- vanishing. 

When (f2, uj) is a non-degenerate Monge-Ampere structure, we consider the nor- 
malized 2-form oj — . , with inverse bivector tt^ — y^Pf(cj)| tt^^ . The normalized 
V|Pt('^)l 

(1, l)-tensor is defined by J^^ = (tto)' o lj^ , and it satifies 

J ^ 

Then — —Id or — Id. The sign of Pf(w) determines whether the corresponding 
Monge-Ampere operator is elliptic (when Pf(ti') > and therefore — —Id) or 
hyperbolic (when Pf(w) < and therefore = Id). 

It is proved in [25\ that the integrability of J^^, i.e. the condition T^i Ju) = 0, where 
/X G JF°'i(r*Af) defines the standard Lie algebroid structure of T{T*M), is equivalent 
to the condition that the normalized 2-form uj be closed. This integrability condition 
is also equivalent to the existence of a symplectomorphism mapping the 2-form uj to 
a form with constant coefficients. The corresponding Monge-Ampere operator is 
then equivalent to an operator with constant coefficients. 

13.3 Properties of non-degenerate Monge-Ampere structures 
in dimension 2 

We show that in the case of dimension 2, non-degenerate Monge-Ampere structures 
give rise to composite structures. 
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• By Theorem 16.41 of Section [SI if {^,uj) is a non-degenerate Monge- Ampere struc- 
ture on M satisfying the condition duj = 0, then the pairs (ttq, J^) and {ir^, Juj) are 
PiV-structures on T*M, i.e., on the Lie algebroid T(T*M). 

• Theorem 17.81 in Section [7] imphes that, when du) = 0, the pair (7rn,S) is a PQ,- 
structure and the pair {uj^J^) is an JliV-structure on T*M . 

• Let iij^ be the element oiT°^'^{T*M) defined by 

fJ-j^ = {JuJ,^J■} , 

where as above fi is the Lie algebroid structure of T{T*M). When is integrable, 
Hj^ defines a new Lie algebroid structure on T{T*M) deformed by Ju,. By Remark 
of Section 12.31 this structure is compatible with the standard structure, 

{m + a* , M + M./^ } = . 



The observation in Section 33] can be applied to the modular class of this deformed 
Lie algebroid structure. Assume that oj is closed. Then the deformed structure fij^ is 
equal to {{Tr^, /i}, w}. In fact, by the Jacobi identity, since = 0, 

Mj^ = {Jiu,tA = {{Tro,'^},^} = {{7ro,M},<^} . 

Hence, the 1-form on T*M, ^TTfj^i.A, defined by the Liouville volume form A ~ iJ7 A ft, 
satisfying 



is a c?j^ -cocycle whose cohomology class is the modular class of the Lie algebroid 
{T{T*M), ^j^) defined by the Nijenhuis operator J^. 

Proposition 13.1 The deformed Lie algebroid (T{T* M), fij^) which is obtained from 
a Monge- Ampere structure such that dui ~ Q is unimodular. 

Proof Since is a Nijenhuis tensor, the modular class in the dj^ -cohomology of the 
Lie algebroid (T{T*M), ^jl,,^) is the class of the 1-form d(TrJ^) (see [H] [7]). Since the 
form u) is effective, the (1, l)-tensor A^^, and hence J^, are traceless. □ 

• Any non-degenerate Monge- Ampere structure on M such that lo is closed 
defines a Hitchin pair ($1, A^) in the sense of Crainic [6] on T*M. If, in particular, 
this structure is defined by a non-degenerate Monge-Ampere operator with constant 
coefficients, the (1, l)-tensor A^^ is integrable and (il, A^) is an fiA^-structure on T*M. 

• Monge-Ampere structures of divergence type were defined in [25 . A pair (fl,uj), 
where w is a 2-form, is called a structure of divergence type if there exists a function 
(j) on T*M such that uj + (l)il is closed. Following [2], we observe that a non-degenerate 
structure {^,uj) of divergence type, where lu is not necessarily effective, defines a 

A^ 4 
-n\id + Al) -a: 

pair (n, A^^) is a Hitchin pair if and only if J'^ is integrable if and only if u! is closed. 
If, in addition, the Monge-Ampere structure (O, lu) satisfies the condition duj = 0, 

we obtain another generalized complex structures on T*M, = ( ) if 



generalized almost complex structure J'^ ~ ( r^bnJ^, a2\ ?* ) T*M. The 



-J* 
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is equivalent to an elliptic Monge- Ampere operator with constant coefficients, and 
J tt" \ . 

oob ^7* ) which corresponds to a hyperbolic Monge- Ampere operator. 
The tensor J^^ can be written as J^^ = ttsi + J^^ since 

^u{u) = {UjTTn + Jul} , 

for aU u e T{T*[M), and similarly for J'^ and J'^. 

• The deformed Lie bialgebroid structure on {T{T*M),T*{T*M)) defined by 
induces a new Courant algebroid structure on T(T*M) ® T*{T'*M) which we shall 
call a Monge- Ampere Courant algebroid. This structure is defined by the function 
i^lSu, = {Jc^j'S'} G T{T*M), where S = ^ is the standard Courant algebroid structure 
ofT{T*M)®T*{T*M). 

The integrability condition of Theorem 111.21 is 

When the integrability condition is satisfied, S'j^ satisfies {Sj^, S^^} = and Sj^ maps 
the Dorfman bracket defined by S^^ to the bracket defined by S. 

13.4 The von Karman equation 

The conditions duj = and , " ) = are very different. In the former case, 

ViPf('^)i 

there is a pair of symplectic forms on T* M . The latter condition is the necessary and 
sufficient condition for the Monge- Ampere structure to be equivalent to a structure 
with constant coefficients. If the Monge- Ampere structure {VI, uj) is such that duj ^ 0, 
then the torsion of does not vanish, the integrability condition is not satisfied. The 
following example shows that the condition du = is not sufficient to define a PN- 
or an f2A^-structure. 

Let (gi, (72,Pi,P2) be the canonical coordinates on T*(M^) — R''. Let (fi,cj) be the 
Monge- Ampere structure on defined by the 2-form on T*(R^), 

UJ — pidpi A dq2 — dp2 A dqi . 

The corresponding partial differential equation is the von Karman equation, 

fqifqiqi ^ fq2q2 = • 

It is easy to show that lu A = and duj = 0. This structure is non-degenerate in 
the complement of the hypcrplane pi = 0, since the Pfaffian Pf(cLi) is equal to pi. In 
the half-space pi > (resp., pi < 0) the von Karman equation is an elliptic (resp., 
hyperbolic) Monge- Ampere equation. Now duj ^ since 

^'^ = < /tZt^ ^ = ^bir'^'^Pi ^ '^P^ ^ dqi . (13.1) 

Therefore, the Monge- Ampere structure (fi, uj) is not equivalent to a Monge- Ampere 
structure with constant coefficients. It does not define a PN- nor an fJA^-structure on 
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K^, nor a Mongc- Ampere Courant structure because the equation {5'jr^,5'j^} = is 
not satisfied. The Poisson tensor inverse to lo is 

19 9 d d 
\Pi I dpi dq2 dp2 dqi 

The computation of {{ttq, //}, tt^j} shows that the Schouten bracket of tt^j and the 
canonical Poisson tensor ttq is the 3-vector, 

. . 1 d d d 

(pi)-^ dqi dq2 dpi 

13.5 Generalized Monge- Ampere structures 

More generally, we can consider generalized Monge-Ampere structures (uji,lu2), where 
both 2- forms on T*M, oji and UJ2, are non-degenerate but not necessarily closed. 
The corresponding equations are systems of non-linear first-order partial differential 
equations whose non-linearity has a specific form. Such systems, called Jacobi systems, 
are studied in [25]. A Jacobi system is called non- degenerate if A ijJ2 = and 
there exists a nowhere vanishing function on T*M, e, such that wi A cji = euj2 /\ uj2- 
The Jacobi systems are of the form, for a pair of functions (it, v) on M — with 
coordinates {x,y), 

\a + bux + cuy + dvx + evy + fJu,v = , (T'io\ 
\a + Bua: + Cuy + Dv^ + Evy + FJu,v = , 

where J^u,v is the Jacobian determinant of (u, v). 

The Jacobi systems can be defined invariantly as follows. Let A4 = M x , where 
M is a 2-dimensional manifold and let Wi, i = 1, 2, be 2-forms on Ai. We define the 
differential operators, A^, : C°°(M,K2) ^ n'^(T*M), by 

A^,(/) =^.U/ , i = l,2, (13.3) 

where i/ is the graph of the R^-valued function / on M, a 2-dimensional surface in 
A4. The system (|13.2p is then written 

A^J = 0, z = l,2, f=iu,v). 

If the restrictions of uji and u!2 to the surface Lj C A4 vanish, we shall say that Lf 
is a generalized solution of (|13.2p . Geometrically, we can assign to each point m E Ai 
the plane in A^(T^A^), called the Jacobi plane, generated by wijm and W2|m, thus 
defining a smooth distribution on M. which corresponds to the system (|13.3|) . The 
submanifold Lf is an integral manifold for this distribution. 
We define a (1, l)-tensor A € T{TM ® T*M) by 

UJ2{X, Y)=oji{ AX, Y) , 

for all X and Y E r{TA4). If the Jacobi system (|13.3p is non-degenerate and if, in 
addition, e = 1 or e = — 1, then A^ = e and we can associate to such systems an almost 
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complex or almost product structure on TM (see [2S]). Let n^. € A^(TA^), i — 1,2, 
be the bivectors which are inverse to the non-degenerate 2-forms cui. Suppose that 
these bivectors satisfy the following conditions, 

{[""cJl J ""c^l ] — [^[1^2 : '"'^2] I (13 4) 

[7rc^i,7r^2] = ■ 

A pair of bivectors satisfying the conditions (|13.4|) is called a Hitchin pair of bivectors 
in [2]. Theorem [63] of Section [6] implies that the Jacobi systems on associated with 
Hitchin pairs of Poisson bivectors define PA^-structures on M^. 



14 Monge- Ampere structures in dimension 3 and 
generalized geometry 

14.1 Classification 

Dimension 3 plays an exceptional role in the geometry of Monge-Ampere opera- 
tors. The classification problem for Monge-Ampere operators and equations on 3- 
dimensional manifolds can be reduced to a classical problem in geometric invariant the- 
ory, the determination of the normal forms of the effective 3-forms in a 6-dimcnsional 
real symplectic vector space V, in other words, of the orbits of the symplectic group 
Sp(6) on the space of effective 3-forms on V. This problem was solved in [30] (see also 
|25|V There are three types of generic orbits, each with a non-trivial stabilizer, each 
corresponding to a non-degenerate Monge-Ampere structure with a non-degenerate 
non- linear Monge-Ampere operator. Let {qi,q2, (l3,Pi,P2,P3) be the canonical coordi- 
nates on T*(K^) = R^, and let u be a function on r*(R^). The three types of generic 
orbits are those of the following 3-forms with constant coefficients, with corresponding 
Monge-Ampere equations: 

uj ~ dpi A dp2 A dp3 — dqi A dq2 A dq^ , = hess(u) — 1 , (14.1) 

uj ~ dpiAdp2Adp3—dpiAdq2Adq3~dqiAdp2Adq3—dqiAdq2Adp:i , ~ hess(M) — A(m) , 

(14.2) 

UJ = dpiAdp2Adp3—dpiAdq2Adq3—dp2AdqiAdq3—dp3AdqiAdq2 , A^^ = hess(?i) — □(u) , 

(14.3) 

where A = 4-^ + 4-^ + 4-^ is the Laplacian, □ = -^-^ + if^ — is the D'Alembertian 

dqf dqi dq^ ' dqf Og| Og| 

of signature (2, 1), and hess(M) = det(wg.g^-), 1 < i,j < 3, is the Hessian of the function 
u, i.e., the determinant of the matrix of second-order partial derivatives of u with 
respect to gi, ^2, 93- 

We shall show that, in full analogy to the 2-dimensional case where almost complex 
(resp., almost product) structuretlf] correspond to elliptic (resp., hyperbolic) Monge- 
Ampere operators, there exist three generalized structures in the sense of Grabowski 
[10] corresponding to the three types of Monge-Ampere structures in dimension 3. 

^In [3], Banos called these structures "generalized Calabi-Yau structures", but this terminology 
conflicts with Hitchin's in [14]. Below we shall clarify the difference between these two generalizations 
of the Calabi-Yau structures. 
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14.2 Hitchin endomorphism and Hitchin PfafRan 

To each Monge- Ampere structure {^,uj) G n'^{T*M) x n^{T*M) on a S-dimcnsional 
manifold M, where to is effective, are associated the following [T3] |25) : 

• the Liouville volume form, vol, associated with fi, 

vol = -^n A f7 A SI e f7^(r*M) , 

• the Hitchin endomorphism, : X{T*M) X{T*M), defined by 

H^{X) ^ixLuAuje n%T*M) ~ X(T*M) , 

for all X e X{T*M), where n^{T*M) is identified with X{T*M) by means of the 
Liouville form, 

• the Hitchin Pfaffian, A^^, defined by 

6 

• the symmetric bilinear form, q^^, defined by 

qUX,Y)^n{H^X,Y) , 

for all X and y e X{T*M). 

The Hitchin endomorphism and the Hitchin Pfaffian are related by 

Hi = A^Id. 

By definition, a Monge- Ampere structure (17, oj) on T*(R'^) is called non-degenerate 
if its Hitchin Pfaffian A^^ is nowhere- vanishing. 

An essential part of the proof of the above-mentioned classification is the proof that 
the forms in the orbit of the form lo of (|14.ip have negative Hitchin Pfaffian, while 
those in the orbits of the forms of (|14.2p and of (|14.3p have positive Hitchin Pfaffian 
and quadratic forms quj of different signatures. 

For a 2-form r, we define the modified Pfaffian Vfir) by 

r A r A f7 = -T,Vf{T)n Ail Ail . 

The following statement is the result of a straightforward computation. 

Proposition 14.1 The modified Pfaffian V f , the Hitchin endomorphism H^ and the 
bilinear form q^^ satisfy the relations 

Vfiixt^) = ^{H^X.X) = q^{X,X) = -ii^^-^i^j^ (ixw A zjcw) , 
for allX e X{T*M). 
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14.3 Properties of non-degenerate Monge- Ampere structures 
in dimension 3 

We can now draw conclusions analogous to those of the 2-dimensional case of Sec- 
tion [H 

• Any Monge- Ampere structure (fi, oj) satisfies the conditions of Lemma 12.81 of 
Section and therefore, 

{{x,{^,M},y} = 4(W^) , 

for aU X and y e X{T*M). 

• In the notations of Section [T3] we consider the function S E !F{T*M), 

S = 11 + LO , 

where w is a closed effective 3-form on T*M. Then {S, S} — and S defines a Courant 
algebroid structure on T{T*M) ® T*{T*M). 

• We consider the Hitchin endomorphism and the Poisson bivector ttq inverse 
of il. Then H^^ o ttq = tt^ o H*. We obtain the following result, the second part of 
which can be viewed as a corollary of Theorem 2.5 of [1]. 

Theorem 14.2 Let u he the 3-form on T*M defined by Formula (|14.ip or (|14.2p or 

(|14.3|) . and let be the endomorphism of T {T* M) ® T* [T* M) defined by 

where is the Hitchin endomorphism. If ~ —1 (resp., X^^ = 1), the endomor- 
phism luj is a generalized complex structure (resp., generalized product structure) on 
(X(T*M) (BT*{T* M), ^ -\- Lo). The triple (ttq, iJ^j, w) is a Poisson Nijenhuis structure 
with background on the manifold T* M . 

Proo/ When = —Id (resp., +Id), the endomorphism is a generalized almost 
complex (resp., generalized almost product) structure. Because u) has constant coef- 
ficients, these structures are integrable Expressing the vanishing of the torsion of 
and expanding the terms of {{ttq -|- -ff^j, /x-l-a;}, tto +H^^} + {H^, ^ + uj}, we obtain, 
as in [1], 

ad^s^lA*) = 0, {ad^^(^),iJ^} - ad^,, ({iJ^, /x}) = ad^^^(tj) , 

{{H^, H^} + {ad,^ (^), H^} - ad,,, {{H^,uo}) + {Hi, = , 

{{H^,u;},H^} + {Hl,uj} = Q . 

Replacing H^ par Id or —Id, we find that the quadruple (tt^j, 0, w) is a Poisson 
quasi-Nijenhuis structure with background, i.e., the triple (ttq, Hi^,uj) is a Poisson- 
Nijenhuis structure with background in the sense of [1]. □ 
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14.4 Generalized Calabi-Yau structures 



Theorem 1 1 4 . 21 answers a natural question: what is the relation between the generalized 
Calabi-Yau structures in the sense of Hitchin [Tl] or Gualtieri [T^] and the general- 
ized Calabi-Yau structures introduced by Banos [3 in his study of Monge-Ampere 
structures? 

The generalized Calabi-Yau structures in the sense of Hitchin are special gener- 
alized complex structures. According to the definition of M. Gualtieri [H] (which is 
slightly different from Hitchin's [2]), a generalized Calabi-Yau manifold is a mani- 
fold with a generalized complex structure and trivial canonical class. Theorem 18.21 
shows that the Calabi-Yau Monge-Ampere structures in the sense of Banos are gen- 
eralized c.p.s. (complex, product or subtangent) structures in the sense of Grabowski 
[10] and Vaisman [39]. Equations pAl]) . pA2| . ([T43| define generahzed Calabi-Yau 
structures on T*M in the sense of Banos. The Monge-Ampere structures (|14.2I) and 
(|14.3p (called special Lagrangian and pseudo-special Lagrangian, respectively) define 
generalized Calabi-Yau structures in the sense of Gualtieri, while that of l|14.ip . where 
= Id, does not since it corresponds to a generahzed product structure. In the 
case of (|14.2[) . we obtain the canonical Calabi-Yau structure on r*(R'^) = C"^ with the 
complex structure H^, satisfying = —Idg^e. 
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